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Boundary Layer Ingestion (BLI) appears to be a promising technology for reducing aircraft
fuel burn. Despite potential benefits, there are several challenges associated with BLI. A
primary concern is the structural integrity of the fan blades experiencing unsteady forces
due to unequal work input from the rotor at different circumferential locations of the engine
annulus. In the conceptual design phase, rapid turnaround is as important as measuring the
stresses accurately. Through the present work, the authors present a computationally efficient
framework for measuring natural frequencies and analyzing time histories of 3-D stresses
in nonlinear transient structural analyses of rotating fan blades. This framework uses state
of the art tools developed for beam modeling based on Variational Asymptotic Method and
the Geometrically Exact Beam Theory. The authors also provide verification of the present
framework against 3-D finite element analysis performed in COMSOL.
I. Introduction
Various tightly integrated aircraft concepts have emerged as a result of aggressive performance goals set forth by
various organizations. One technology common in most integrated aircraft systems is the concept of Boundary Layer
Ingestion (BLI). BLI is a concept in which a set of propulsors on a vehicle ingest a portion of that vehicle’s viscous
boundary layer. The result is typically that the propulsive efficiency of the device is improved, thereby reducing fuel
burn. As such, it is necessary to quantify these impacts during the conceptual design phase to assess various concepts.
However, a number of significant challenges - both on modeling and design - appear as a result of BLI. Various studies
[1–4] have been conducted to to capture the impacts of BLI on the the propulsion system, such as those in the inlet, fan,
and nozzle. Many BLI propulsor modeling studies use representative fan maps and scale them accordingly. Sometimes,
a small drop is efficiency is assumed to model BLI losses. However, intuition tells us that instead of using conventional
maps, we need to first design a fan for BLI and generate corresponding maps as the operating conditions are inherently
different for BLI fans.
While maximizing aerodynamic performance of the fan is the objective function, the mechanical integrity is a
constraint. Major mechanical concerns associated with fans ingesting distorted flow are large resonant fan blade response
and vibratory stresses during rotation. As the blades rotate in a distorted flow field, the flow on the blade changes at
each circumferential location. The unsteady pressure loading on each blade acts as an external forcing on the blade.
The stresses on the blades will be oscillatory - with a mean stress and some alternating stress. In the study done under
the BLI2DTF group [5], it was found that the reference fan (fan for under-wing engine applications) was not able to
satisfy the Goodman requirement. Currently, conceptual design framework for fan designs do not account for dynamic
analysis of fan blades. In order to develop the framework, a key enabler is to be able to analyze the rotor blade structure
subjected to periodic forces in a computationally efficient manner.
Structural analysis comprises of evaluating the behavior of a component (or a combination of components) under
a set of prescribed conditions. This is a major step in ensuring the mechanical integrity of the component under
consideration. For any kind of structural analysis, the loads, geometry, boundary condition, and mechanical properties
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of the material needs to be known. The outcome of such analysis typically includes stresses, strains, and displacements.
These parameters are then compared to the failure criteria for the material. For static analysis, the loads are invariant
with time. For BLI like analysis, however, the loads vary with time, so the dynamic response of the blade needs to be
examined. In the present work, we perform the structural analysis of fan blades that are beam like structures as they have
one dimension much longer than the other two dimensions but include a large amount of twist and other geometrical
intricacies which are characteristic to the blades. Fundamental theories and techniques of elasticity can be used to solve
the beam-like structures. Although computationally fast, these theories do not yield satisfactory results. 3-D Finite
Element Method (FEM) is considered to be better suited for analysis of composite materials and complex geometries.
Finite Element Method numerically solves the partial differential equations derived from the fundamental theories of
mechanics. Although the results are mostly satisfactory in terms of accuracy, the computational expense of these 3-D
FEM models is much higher (more than an order of magnitude) compared to beam models. What’s more is that creating
3-D models of these complex geometries for FEM analysis can also be extremely time consuming.
II. Fan Blade Structural Analysis for BLI
In cases of embedded engines, the severity of flow distortion needs to be accounted for in almost all mission
conditions. If the dynamic stresses resulting from the interactions of the flow and the rotor are not addressed, then the
structure might be prone to failure. Therefore, in the conceptual design phase, where rapid turnaround is a requirement,
numerical modeling of this integrated aero-mechanical problem becomes a challenge in a sense that both computational
efficiency and accuracy needs to be present. The goal is to achieve a certain margin in the Goodman diagram and the
Campbell diagram.
The equations governing the dynamics of the blade structure are used to calculate the vibratory and mean stresses at
the forces induced by unequal pressure rise on the flow. The formulation for structural analysis involving the Variational
Asymptotic Method (VAM) as described in Sec. III includes calculations of natural frequencies. When the natural
frequency of the blades come close to these forced excitation frequencies, resonant response is expected. The use of
Campbell diagram is made to analyze the margin between the natural frequency at a given mode of vibration and the
excitation frequency on the blade at a given distorted inflow and RPM.
Figure 1 shows a Campbell diagram that can be used to explain its application. The horizontal axis is the speed of
rotation and the vertical axis is the frequency. The lines passing through origin are the excitation frequency lines and the
curves (almost horizontal lines) are the natural frequencies at different nodes. At the speeds that the blades operate, if
any of these two curves cross each other at any point, then resonance is likely to happen at that operating condition. A
typical design practice is to ensure a 10% margin on resonance. CUMPSTY AND GREITZER 23
Fig. 7 Campbell’s diagram55 of 1924 showing the intersection of forc-
ing frequencies and resonant frequencies of vibration modes in turbine
wheels.
also because of the requirement to keep NOx levels down. To do
this implies that more air is needed to cool the combustion products
near the fuel injectors and less is available to cool the first-stage
nozzle. Turbine heat transfer is a huge field, and it is inappropriate
to enter into details here; the topic has been covered in detail in an
IGTI Scholar lecture by Dunn.53
High cycle fatigue has been a major issue for turbomachinery
since the days of the steam turbines. There are two different aerody-
namic causes: forced vibration and flutter.54 Forced vibration occurs
because of the periodic effect of one blade row or other component
(struts or inlet distortion, etc.) moving relative to another. (If a rotor
runs downstream of a row of N inlet guide vanes, there will be an
excitation at a frequency N times the angular velocity of the shaft.)
In investigating this problem for steam turbines, Campbell55 devised
the eponymous Campbell diagram, which is still much in use as a
way to portray potential situations of high-amplitude blade vibra-
tory motion. Figure 7, which shows an original figure from the 1924
publication, illustrates the application. Resonances, and hence po-
tential vibration problems, occur when a natural frequency of a blade
(appearing in Fig. 7 as a line that is roughly horizontal) coincides
with an excitation frequency, appearing on the Campbell diagram
as a line through the origin and proportional to rotational speed.
Low-order excitation tends to be more of a problem than high-order
excitation and for turbines a common cause of aerodynamic forcing
is discrete combustor cans or injectors.
To avoid frequency coincidences in the running range the natural
frequency of the blade can be increased by an increase in stiffness
of the blade or reduction of the mass of the blade near the tip. The
stiffness can be raised by an increase in the camber (which may
compromise aerodynamic performance) or by the use tip or part-
span shrouds or lacing wires. (Shrouds are circumferential wing-like
struts that are integral to each blade. The shrouds from any one blade
make contact with the shrouds of adjacent blades, greatly increas-
ing the overall stiffness of the assembly.) Blade mass is sometimes
reduced by cutting back the trailing edge of the blade near the tip
and many older compressor blades show this fix, evidence that a
problem had been incurred late in the development of the machine.
Flutter is a self-excited vibration in which a negative aerody-
namic damping response to small-amplitude oscillatory blade mo-
tions causes mechanical energy to be fed into the oscillations, thus
increasing the amplitude. Flutter tends to occur in turbines or com-
pressors when the blade span is large in relation to chord (high
aspect ratio). It is therefore a potential problem for the low-pressure
blades in steam turbines (where the fix is often lacing wires), for
low-pressure turbines in gas turbines and for fans. Flutter shows up
in a Campbell diagram as a region of high vibration that barely alters
in frequency as the rotational speed increases.
Until recently, calculation of the amplitude of forced or self-
excited vibration (or even the onset of the latter) was beyond the
capability of unsteady methods. It has been emphasised that a com-
plete description of the flow requires three spatial dimensions and
variation with respect to time. Only in the last few years it has be-
come possible to predict these with sufficient confidence that the
occurrence can be foreseen and appropriate action taken to mitigate
it. The calculations are still at the edge of what can be considered fea-
sible for design, and some restriction in the range of cases examined
is necessary. A recent paper by Simpson et al.,56 which describes the
forced vibration and flutter prediction for a multistage compressor,
gives a view of the status of these unsteady aerodynamic issues.
B. Radial Compressors
It is not an exaggeration to state that the radial compressor always
produces a pressure rise. If the compressor is sufficiently throttled, or
if the mismatching between inlet and diffuser is sufficiently large,
stall and surge can occur. However, if the design is reasonable, a
single-stage radial compressor can be relied on to produce a pressure
rise that is sufficient for useful operation of a gas turbine engine.
It was for this reason that Whittle and von Ohain both adopted
radial compressors in their pioneering engines. Although the radial
compressor reliably produces a pressure rise, and the pressure ratio
for a single stage can be around 10:1 in some gas turbines, the
efficiency is generally lower than that for axial compressors. For
very small compressors, however, the efficiency for a radial machine
may be better than an axial machine. This is because axial blades
can become too small to manufacture economically to the required
precision and, in addition, the lower Reynolds number lowers the
efficiency of axial blades.
The history and evolution of radial compressors, and the difficul-
ties in their design, has recently been described by Krain.9
C. Axial Compressors
Axial compressors with many stages existed when Whittle and
von Ohain were designing their engines, but there were not adequate
design processes. There were also underlying physical reasons to
expect that the performance of a multistage axial compressor would
be poor. Only in the last few years has the understanding of com-
pressor aerodynamics reached the point of being able to explain why
such anxieties were misplaced or overemphasised.
There were three principal problems for the multistage axial com-
pressor as viewed from the perspective of the early 1940s.
1) The first is matching of stages front to back at off-design con-
ditions. The density rises along the length of an axial compressor
as the pressure rises and to keep the axial velocity at an acceptable
value, the flow area is reduced progressively from front to rear of the
compressor. This, of course, is what gives rise to the shorter blades
at the rear compared to the front. The ratio of outlet to inlet area is
normally selected for the design conditions, which corresponds to
high rotational speed, giving substantial pressure and density rise.
At reduced-speed operation, when the pressure rise is smaller than
at design, the flow area at the rear will be too small compared to the
area at the front. (This is particularly serious during starting when
the pressure ratio is not much greater than unity.) As a result, the
rear stages of the compressor will tend to choke and the front stages
will tend to stall. The degree to which this was seen as a difficulty is
described by Carter,57 writing more than a decade later, who stated,
“By far the most important problem facing the designer of an axial
compressor nowadays is the matching of the individual stages and
the effect of matching on the surge behavior.” The onset of insta-
bilities (rotating stall and surge) in compressors and compression
systems can still not be predicted in an a priori manner. As a gauge
of the state of the art, treatment of these in the design process ba-
sically relies on empirical correlations, many of which date back
several decades. (Discussion of these important instabilities is out-
side of the scope of the paper, but a recent review of the unsteady






















































Fig. 1 Notional Campbell Diagram [6].
The stresses on the blades will be oscillatory - with a mean stress and some alternating stress. It is necessary to
analyze the pair and determine whether it is in the material’s op rating limit. The steady stress may be well below
the tensile stress of the material, but the alternating stresses present may cause the fan to operate outside the envelope
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allowed for safe operation for a large number of cycles. A simple way of representing this envelope is with the help of a
Goodman diagram (sometimes called a Haigh diagram) that draws the envelope of when the material fails. Figure 2
shows a sketch of a Goodman diagram, where the horizontal axis represents the mean stress and the vertical axis
represents the alternating stress. Loosely speaking, the line joining the endurance limit (vertical axis) and ultimate
tensile stress (horizontal axis) forms the Goodman line. Anywhere inside the region bounded by the Goodman line, the
abscissa, and the ordinate, the blade can safely operate for a large number of cycles. In the following section (Section III),
Variational Asymptotic Method (VAM) will be summarized briefly.
Fig. 2 Goodman diagram for blade stresses [7].
III. Variational Asymptotic Method
With the motivation of developing a fast and user-friendly method for analysis of complex aerospace structures,
Variational Asymptotic Method (VAM) was employed for the first time almost 30 years back by Hodges et al. to perform
structural analysis. With VAM, computational time is reduced by multiple orders of magnitude. One may argue that the
90s were actually the times to focus on developing tools which were fast because the computers were slow, bulky, and
expensive. The advent of clever ways of manufacturing integrated circuits has led to a significant reduction in the cost
of computation since then. With the developments in computer architecture, there is a reduction in the size of electronic
components as well. This is an interpretation of Moore’s law. But Moore’s law, which primarily says that the cost of
computing will decrease as we go forward in time, is now dead. The empirical data which is the basis of this law, itself
shows that and it is confirmed by researchers at MIT and Intel. We can no longer count on computers getting faster and
cheaper. Thus, developing and using the tools based on reduced-dimensional modeling remains a priority as they are
fast, accurate, reliable as well as computationally efficient.
Hence, unlike many existing models, beam theories, and commercially available 3-D FEM tools for analyzing
complex structures, the use of the Variational Asymptotic Method (VAM) [8] is proposed. It allows for a beam-like
formulation that is free of ad-hoc assumptions. This is a synergistic approach where the computationally inexpensive
nature of beam modeling using the VAM is combined with modeling procedures using sectional finite elements to
obtain reliable models for high-fidelity, multi-physics simulations. The process of VAM involves deriving the 3-D
equations in terms of cross-sectional 2-D constitutive relations and a set of geometrically exact one dimensional beam
equation [9]. The one dimensional beam equations are solved and the 1-D stresses and strains are recovered into 3-D
fields using the recovery relations developed from 2-D analysis. For detailed background, theory, and calculations
associated with VAM, Hodges [10] can be referred. VAM has been successfully applied to helicopter rotor blades [11]
as they are applicable to beam like structures, where a  l and a  R, where a is the characteristic cross-sectional
dimension, l is the wavelength of deformation, and R is the radius of curvature/twist [9]. The discussion that follows is
the summary of VAM and have been compiled from Ref. [10, 12, 13].
Figure 3 shows the overall flowchart describing the beam modeling process using VAM. The main idea of VAM is to
decouple the 3-D problem into linear two dimensional cross-sectional analysis and a nonlinear one dimensional beam
analysis. For the 2-D analysis, the cross-sectional geometry, elastic constants, and density are required. The loads and
boundary conditions are supplied to the 1-D analysis. Initial twist and curvature must be supplied to both analyses.
The 2-D analysis results in the cross-sectional elastic and inertia constants that can be used on the 1-D analysis. In
addition, it also provides recovery relations on warping and strains to be later used. The 1-D beam analysis results in
1-D displacements, strains, and stresses. The recovery relations can then be used to recover the 3-D fields of interest.
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Fig. 3 Flowchart representing the structural analysis employing VAM [10].
Variational Asymptotic Beam Section (VABS) [12] and Geometrically Exact Beam Theory (GEBT) [14] are two
efficient tools for 2-D cross-sectional analysis and 1-D beam analysis respectively. VAM employs asymptotic expansion
of the energy functional (instead of a system of differential equations [15–17]) in terms of the small parameters
(a, l, R) and makes the modeling more compact and variationally consistent; i.e. all variables follow naturally from a
minimization problem based on the variational principle.
Some recent advancements to the cross-sectional analysis with regards to taper and cross-sectional obliqueness have
been made by Rajagopal [18]. A comprehensive validation study for a VAM-based beam analysis against 3-D FEM for
rotor blade structures is presented by Chen [19] and for thin-walled beams by Gupta et al. [20]. Further developments
by Gupta et al. to expand the scope led to a framework for analysis of aperiodic and inhomogeneous beams [21]. As far
as developments in GEBT are concerned, substantial improvements have been made by Wang [22] and Hodges et al.
[23] by using advanced rotation parameters and implementing capability to understand the mechanical behavior of
multi-functional materials, respectively.
In this paper, the tools developed from equations presented in two references [12] and [14] Viz., VABS and GEBT,
respectively, are being used to solve the equivalent beam model or the intermediate beam problems generated during
formulation of the equivalence model. The entire 3-D analysis for any beam problem is split into a 2-D cross-sectional
analysis and a 1-D beam analysis. Here,the two subsections below lay out an overview for each of the two parts of the
analysis.
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A. cross-sectional Analysis using VABS
The behavior of beams is governed by the extended Hamilton’s Principle as shown∫ t2
t1
[δ(K −U) + δW]dt = 0 (1)
where t1 and t2 are arbitrary fixed times, K is the kinetic energy,U is the internal energy, δ is the Lagrangian variation
for a fixed time, and δW is the virtual work by applied loads.
Strain energy is now written assuming that the material is linearly elastic and thus satisfies Hooke’s law
σ = DΓ (2)
where Γ is the 3-D strain tensor and is written as Γ = b Γ11 2Γ12 2Γ13 Γ22 2Γ23 Γ33 cT . Here, xi represents the beam coordinate
frame such that the unit vector x1 points along the span of the beam and x2, x3 are corresponding orthogonal unit vectors
for the cross section. Warping functions are assumed to be of the order of the strain with assumption of small local
strains. Thus, the product of warping and 1-D generalized strains may be neglected and the 3-D strain field can be
written as
Γ = Γaw + Γε ε + ΓRw + Γlw′ (3)
where Γa is a 6×3 matrix, sparsely populated with operators of derivatives w.r.t. cross-sectional coordinates. The
symbols in Eq. 3 are further defined and derived in Ref. [10]. To do the dimensional reduction, one must rely on the
inherent small parameters that are present in the structure [20]. Denoting the characteristic radius of initial curvature
or twist by R, the two small geometric parameters are b/l and b/R. The strain energy functional thus formed is
minimizedwith respect to the warping functions and the warping solutions are further perturbed to obtain asymptotically
correct first- and second-order approximations of the strain energy, respectively. Through this process of dimensional
reduction, neglecting higher-order contributions to the energy, and transforming the energy into a beam model of the
“Generalized Timoshenko" (i.e., shear deformable) form, one obtains a 1-D constitutive law relating the 1-D generalized
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where A, B and D are sub-matrices of the stiffness matrix each of size 3×3, F = [ F1 F2 F3 ]T , M = [ M1 M2 M3 ]T ,
γ = [ γ11 2γ12 2γ13 ]T and κ = [ κ1 κ2 κ3 ]T as shown. Apart from this, one also obtains the 6×6 mass-matrix ([I]) from the










B. 1-D Beam Analysis using GEBT
For the purpose of 1-D analysis, the authors use the GEBT which is based on a mixed formulation. The variational
statement in Eq. 1, after substituting values for K,U and δW from Ref. [14], is rewritten as a variational statement in
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To proceed, the constitutive law from Eq. 5 and the momentum-velocity relations containing the mass-matrix from Eq. 6
are required. Further, to derive the mixed formulation, the kinematic differential relations in Eq. 8 are incorporated into
the variational statement 7 with the help of Lagrange multipliers and using calculus of variations.
u′ = CbB(e1 + γ) − e1 − k̃u (8a)
Ûu = CbBV − v − ω̃u (8b)
c′ = Q−1(κ + k − CbBk) (8c)
Ûc = Q−1(Ω − CbB)ω (8d)
where Q is a set of Wiener-Milenković rotation parameters defined in Ref [22]. Following Wang [22], after identifying
Lagrange multipliers associated with the kinematic differential equations in 8, one obtains∫ l
0
{
δu′Ta Fa + δψ
′T
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The variational statement in Eq. 9 is further treated using a suitable 1-D finite element discretization. Following Ref. [14],
the system of equations, thus formed is solved using Newton-Raphson method along with line search algorithm to
ensure global convergence. Hence, solutions for the beam 1-D displacement variables are obtained, which are further
used in Section VI for validation purposes.
The remainder of this paper is organized as follows. Section IV will describe the baseline fan blade geometry, discuss
the types of loads and their magnitudes being applied, and enumerate various cases being analyzed. In Section V, we
will describe the modeling considerations and setup in both VABS and GEBT and COMSOL. Section VI will present
the results for each case described in Section IV and follow with the discussions for each. Finally, Section VII will
summarize the findings from this study and discuss planned future work.
IV. Structural Analysis
The purpose of this work is to establish relevance of beam theory tools based on VAM such as VABS (2-D sectional
analysis) followed by the use of GEBT to simulate the structural behavior of a fan blade undergoing rotation in a
BLI flow field. In this work, we, the authors, acknowledge that a fan blade undergoes dynamic loads that result from
non-uniform work imparted by the blades in a distorted flow field. Hence, we consider that the rotor blades would
structurally demonstrate a nonlinear transient behavior which is analyzed using GEBT while the required blade’s
cross-sectional properties are evaluated using VABS. The goal is to first compare the results for a nonlinear transient
analysis obtained from the proposed technique to those obtained from 3-D FEM for a couple of simple dynamic loading
scenarios considering the computational effort needed to solve problems in 3-D FEM. Once this verification is complete,
the authors demonstrate the application of resulting unsteady aerodynamic loads applied on a fan blade and obtain
relevant 3-D displacements and 3-D stress resultants from the proposed use of VAM based tools. With the discussions
provided in subsequent sections, we finally prove that the beam theory based tools can be used to properly simulate
unsteady loads on a fan blade. Further, the beam theory-based tools would be used in an optimization framework with
ease as the computational time and effort is greatly reduced.
A. Baseline Geometry
Figure 4 provides a snapshot of the 3-D fan blade model. The blade geometry used in this study was obtained
using a model built on the platform of Object Oriented Turbomachinery Analysis Code (OTAC) [24]. Extensions
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on the multi-meanline design approach have been made to account for circumferential asymmetry in the incoming
flow [25]. The blade is formed by identifying three characteristic cross sections from OTAC. Once these sections are
obtained based on an efficient flow condition, we use a variable section sweep to join the sections smoothly and create
the baseline geometry of the blade for structural optimization. It is to be noted that the blade has a large twist and sharp
edges that make it a complex component for dynamic structural analysis. Note that this blade has not undergone any
structural analysis, so the blade in not optimized for structural integrity. But in reality, it is important to design a blade
which is structurally strong to withstand desired loads. Since the objective of this work is to establish the relevance of
the use of VAM based tools for structural analysis, we will only focus on the mechanical response and characteristics of
the stresses obtained between VABS and GEBT and compare it to that obtained from the 3-D FEA. The authors will
carry out the optimization of the structural aspects of the blade as part of the future work. The geometric, material, and
design parameters of the blade are listed in Table 1.
Fig. 4 3-D model of the fan blade used for analysis.
Table 1 Geometric, material, and design properties of the fan blade
Geometrical Parameters Value Unit Material Properties Value Unit
Blade span 40 cm Material Titanium -
Hub radius 16.76 cm Young’s Modulus (E) 116E09 Pa
Tip radius 55.88 cm Poisson’s ratio (ν) 0.32 -
Blade chord 20.32 cm Density (ρ) 4506 kg/m^3
Airfoil type DCA - Design Parameters Vaue Unit
Hub stagger 2.5 degrees Design avg. mass flow 188 kg/s
Tip stagger 34.22 degrees Design PR 1.35 -
B. Loads
In order to benchmark our studies, we will first perform analyses on loads acting on the tip of the blade – for both
rotating and non-rotating cases. After verification of the results from VABS and GEBT with that of COMSOL, analysis
of the rotating blade with distributed loads will be performed in VABS and GEBT to demonstrate its applicability.
1. Tip Load
Since tangential loads are more dominating for rotor blade, a sinusoidal tip transverse load is applied. Figure 5
















Fig. 5 Tip Loading
2. Distributed Load
The unsteady forces from the rotor performance model provides periodic excitation on the blades. As mentioned
earlier, the rotor forces in this study are computed using the performance analysis through the platform of OTAC. The
forces are applied as a function of time. The details of the modeling and the intermediate steps are out of the scope of
this work, hence are not included in this paper. But, they can be referred in Ref. [25]. Further, the analysis considers all
the geometric nonlinearities associated with the blade as well as the loading due to rotation of the fan blades.
Consider a rotor rotating at an angular velocity, ω. The rotor is shown in Figure 6 represented as a disk for simplicity.
A fluid particle enters the rotor at a radius r1 with absolute velocity V1, and exits the rotor at radius r2 with absolute










Fig. 6 A rotor represented as a wheel.
The axial force provided by the rotor is the sum of the force due to change in axial momentum and change in static
pressure across the rotor. Subscript A refers to the axial property. The axial force is given by Eq. 10, where FAH refers
to the axial force due to momentum change and FAP refers to the axial force due to pressure change.
FA = FAH + FAP (10)
The axial force due to momentum change through a blade passage across a rotor is given by Eq. 11, where ∆ Ûm
refers to the mass flow through the blade passage and Apassage is the blade passage area.




The axial force due to pressure difference is given by Eq. 12
FAP = Apassage(p2 − p1) (12)
From Eqns. 11 and 12, Eq. 10 can be written as:
FA = Apassage(p2 − p1) + Apassage(ρ1V2A1 − ρ2V
2
A2) (13)
Similarly, the tangential force can be computed by the change in the tangential momentum of the flow across the
rotor, which is given by Eq. 14, where Vθ represents the swirl velocity.
Fθ = ∆ Ûm1Vθ1 − ∆ Ûm2Vθ2 = Apassage(ρ1VA1Vθ1 − ρ2VA2Vθ2) (14)
Since the inlet and exit flow properties are different at various locations, these forces are functions of the
circumferential location (θ).
Fθ, FA = f (θ) (15)
Given Eq. 15 and angular frequency (ω), these forces can be converted to functions of time, as shown in Eq. 16.
Fθ, FA = f (t) (16)
Figure 7 shows the distributed tangential and axial loads as a function of time and location of the blade presented in
Figure 4. Note that since the blade’s function is mostly to increase the enthalpy of the flow, the change in angular
momentum is high compared to the change in axial momentum. Therefore, the tangential forces are comparatively














































Fig. 7 Distributed Loading
C. Cases
In order to validate and demonstrate our results obtained from the beam theory based tools, VABS and GEBT,
we consider four cases. The first case includes comparison of natural frequencies of the blade against those obtained
from 3-D FEM. The second and third cases include comparison of displacements and stresses as a result of applying
sinusoidal tip loads (with and without rotation). Finally, the fourth case includes the demonstration of VABS and GEBT
to simulate the displacements and stresses for distributed loading when the blade is rotating. These cases are listed
below in the order of presentation in this paper.
1) Eigen Analysis (non-rotating)
2) Tip Load (non-rotating)
3) Tip Load (RPM - 2500)
4) Distributed Load (RPM - 2500)
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V. Modeling Environment
This section describes in short the modeling approaches in both beam theory based framework and 3-D FEA.
A. VABS and GEBT
As mentioned in Sec. III, completely free of ad hoc assumptions, VABS is used for 2-D cross-sectional analysis
which uses the cross section of the geometry in addition to the material properties. On solving, VABS provides the 2-D
sectional elastic and inertia constants in the form of 6×6 stiffness and mass matrices, respectively, if a Generalized
Timoshenko model-based analysis is invoked. While the sectional stiffness matrix and the mass matrix are the primary
output data from a VABS execution, the output files also include solutions to the warping variables which assist in
recovery of 3-D variables once the solution of 1-D variables such as the 1-D displacements, forces, and moments are
available from GEBT. Further, the information can be used to compute and visualize the stress-strain state on the cross
section as well. Given a set of six section stress resultants (the axial force, the two transverse shear forces, the twisting
moment, and the two transverse bending moments), which define the load acting on the section’s centroid which is
represented by the locus of the chosen reference line in the 1-D analysis. Further, with computation of the 3-D recovery
variables using VABS, the stress distribution is obtained corresponding on a given time step at a specific cross section.
This step can be repeated for all the sections to obtain values for 3-D variables for the entire 3-D geometry. Further
details about the procedure and step-by-step explanation is presented by Gupta et al. [9].
Fig. 8 Triangular mesh grid for VABS: left (hub), center (mid), right (tip)
Figure 8 shows three cross sections of the blade that were obtained from the calculations in OTAC and discretized
using a very fine mesh to accommodate the intricate geometric features of the blades. Evidently, significant changes in
the blade inlet and exit metal angles and twist can be observed from hub to tip. These three cross sections were required
to be analyzed in VABS because these are the characteristic cross sections that define the overall blade geometry. Once
these cross sections are analyzed, the required input parameters such as the initial twist, curvatures, and obliqueness, etc.
for the cross section (2-D) as well as for the beam reference line (1-D) are defined in VABS and GEBT, respectively, for
a correct representation of the baseline geometry for the simulation.
B. 3-D FEA using COMSOL Multiphysics
Figure 9 represents the model of the rotor blade considered for structural analysis in COMSOL. The blade is meshed
using a physics-controlled fine mesh using tetrahedral elements. It is clear that the smaller regions such as the leading
and trailing edges have higher mesh density as compared the bulk region of the blade. We use solid mechanics module
to obtain the eigenvalues as well as the results for different time steps in a time dependent analysis. For nonlinear
transient analysis as well as cases that include application of rpm on the rotor blade, we need to include geometrical
nonlinearities to be able to obtain correct results as well as results which are analogous to the ones obtained from
VABS and GEBT. The rpm is applied on the blade in specific cases using a rotating frame by including the centrifugal
acceleration, Euler acceleration, and the spin softening. A consideration has been made to make sure that we are testing
the cases in 3-D FEA which are analogous to the cases being analyzed using VAM. To enable this, we apply the tip
loads over the entire cross section area with the equipotent resultant at the centroid of the cross section when compared
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(a) cross-sectional view of the entire blade
(b) Front view of the 3-D fan blade
Fig. 9 Representation of the meshing of the 3-D rotor blade in COMSOL
with the analysis in VAM.
VI. Results
A. Case I: Eigenvalue Analysis (non-rotating)
For any structure undergoing dynamic loading, it is important to look at the natural frequencies of the system
undergoing free vibrations. Table 2 provides a comparison of the frequencies obtained from VABS and GEBT and
3-D FEA. Mode shapes corresponding to the first 10 natural frequencies are also provided for better understanding.
It is important to note that due to complex geometry of the blade, there is strong coupling between various modes
such as bending in-plane and out-of-plane with torsion. It is also evident that the modes that predominantly contain
contributions from torsion have eigenvalues from GEBT with significant deviation from the 3-D FEA. However, most of
the eigenvalues calculated using GEBT have good agreement with the 3-D FEA with errors mentioned in the table
alongside the frequencies.
B. Case II: Tip Load (non-rotating)
Figure 10 shows the tip displacements obtained from both VABS/GEBT and COMSOL for the sinusoidal tip load
described in Sec. IV.B. The geometric and material properties of the beam are given in Table 1. We plot the dominant
displacements on the cross section at the tip in y (u2) and z (u3) directions since the blade in x-direction (along blade’s
span) does not undergo any significant longitudinal displacement as compared to the out-of-pane and in-plane transverse
displacements. Also, based on the frequency of the load applied (frequency of the applied load is much smaller than the
fundamental frequency), the peak displacements for a cantilever beam at a given time step would be at the tip.
When the time varying sinusoidal tip load is applied, the average displacement in z-direction from COMSOL is
3.15 cm and that from VABS and GEBT is 3.07 cm ( 2.5% difference). It is interesting to note that the results from
COMSOL show a small phase lead in the first load cycle. However, the phase difference disappears in the second load
cycle (0.5 s - 1 s). This phenomenon could be observed because of a difference in the numerical damping of the two
solvers considered. In the y-direction, the displacements from the two analyses do not overlap. Further investigation
was not warranted in this case since the displacements in y direction is small compared to the z direction. The reason
for these differences are likely attributed to the differences in the natural frequencies in the torsion mode (Table 2).
Figure 12 shows exactly how the dominant stress component σ11 evolve at the section present at 0.195 m in the
blade along with the time stamps when the span ranges from 0.16 m to 0.6 m keeping in mind that the corresponding
load values over the duration of the applied load as shown in Figure 5. Similar graphs can be obtained for the rest of the
11
stress components σ12, σ13, σ22, σ23 and σ33, but for the sake of simplicity in understanding, we resort to plotting the
histories of only σ11 at the cross section located at a distance of 8% of the span from the root.
Table 2 Comparison of natural frequencies: VABS and GEBT vs. COMSOL
ID Natural Frequencies (Hz) % Difference Mode Shape
VABS and GEBT COMSOL
1 103 106 -2.83%
2 316 361 -12.47%
3 512 507 0.99%
4 771 745 3.49%
5 1171 1197 -2.17%
6 1654 1443 14.62%
7 1927 1872 2.94%
8 2370 2272 4.31%
9 2579 2726 -5.39%


































Fig. 10 Displacement at the tip (non-rotating): VABS/GEBT vs. COMSOL
Figure 11 shows the comparison of the the maximum values of σ11 at the desired cross section, against the results
from 3-D FEA (COMSOL). Although the peak displacements match exactly between COMSOL and VABS and GEBT,
the σ11 do not follow the same trend. The difference in peak σ11 obtained from VABS and GEBT and COMSOl is
approximately 12%, with COMSOL predicting a lower value. We observe that the error percentage goes smaller as the
time proceeds forward. Figures 11 also shows the comparison between the maximum stress locations predicted by



























Fig. 11 Max σ11 at x = 0.195m (non-rotating): COMSOL vs. VABS/GEBT
Similar plots for the 3-D strain variables can also be obtained through this method. Another important observation
is that even though the input force is sinusoidal in nature, the output stress has a certain number of sub-peaks apart from
the main peaks. This is due to the inclusion of inertia effects. It is basically due to inclusion of a higher order harmonic
which will not be present if a quasi-static analysis is performed.
Table 3 shows some of the key features of the two types of approaches in determining the 3-D variables - VABS and
GEBT and 3-D FEA (COMSOL). Not only does our method provide high fidelity solutions for the recovery of 3-D
variables without any ad-hoc assumptions, but it is also much faster and requires minimum computational resources to
achieve the same level of results as compared to a 3-D FEA software, which is our main motivation for the development
of the current work. A number of important results can be extracted from the stored data depending on the requirements
of the design like exact location of the maximum/minimum stress over the entire time domain, maximum displacement,
1-D force and moment variables for all time-steps, and much more.
C. Case III: Tip Load (rotating)
Figure 13 shows the displacement in the z-direction for the tip of the blade when sinusoidal load is applied as the
blade is rotating (2500 RPM). As seen in the case without rotation, the displacement results from VABS and GEBT
and COMSOL seem to overlap with each other. The overlapping is not as perfect as in the case without rotation. This
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Table 3 Comparison of computation variables (VABS vs 3-D FEM)
Comparable VABS + GEBT 3-D FEM (COMSOL)
Duration of Analysis 1 s 1 s
Time-Steps 100 100
Number of Elements 1000 (2-D); 400 (1-D) 1000 tet. elements/section
Memory (RAM) used 2 GB; 1-core 16 GB, 2-cores
Computation Time (Solver)
30 s (VABS) , 1 min(GEBT),




Storage Requirements ∼ 50 MB ∼ 6 GB
Fig. 12 σ11 at x = 0.195m (non-rotating)
small discrepancy is mainly attributed to the fact that the results from COMSOL and VABS and GEBT were plotted for
different time steps. Another observation is that the peak displacement in the +z-direction is higher (approx. +3.0 cm)
than the peak displacement in the −z-direction (approx. −2.5 cm). This difference arises due to rotation. A constant
rotation introduces a constant centrifugal force that offsets the non-rotating displacement curve. The third observation is
the wavy nature of displacements. Upon close observation, the frequency of the waviness is almost the same in the
results from both COMSOL and VABS and GEBT. This behavior is likely because of the inclusion of higher order
harmonics in the response due to rotation.
Figure 14 shows the variation of maximum σ11 at x = 0.195 m at various time steps. We observed that the





















Fig. 13 Displacement at the tip (RPM - 2500)
did not converge in COMSOL when the values of maximum σ11 were extracted. So, only the stresses from VABS/GEBT
is presented here. The plot shows two full cycles of the load being applied. Unlike the case without rotation, we do not
observe similar peaks every half cycle. This is mainly again because of the rotation. As mentioned earlier, the presence
of centrifugal force cause an initial displacement in the +z-direction. Because of this, the stress values also show higher
magnitudes in the first half cycle because of larger strains from rotation. It is also important to note that solutions from
any 3-D FEA tool are highly dependent on the ability to mesh the geometry appropriately. If the geometry has sharp
edges, tools such as COMSOL can not mesh the geometry appropriately and hence it affects overall convergence of the
solution. An important observation we made during the analysis is that the 3-D FEA with the inclusion of geometric
nonlinearities consume significantly more time and computational power to provide results when there are sharp edges
involved. At times, it doesn’t converge to a meaningful result at all.
Figure 15 shows exactly how the dominant stress component σ11 evolve at the section present at 0.195 m in the
blade during rotation along with the time stamps. The corresponding load values over the duration of the applied load as































































































Fig. 15 σ11 at x = 0.195m (RPM - 2500)
D. Case IV: Distributed Load (rotating)
Figure 16 shows the axial stresses near the hub (x = 0.195 m) and tip displacements when distributed loads are
applied (as described in Sec. IV.B) as the blade is rotating (2500 RPM). In Fig. 16a, we plot the maximum value of σ11
at cross section represented by x = 0.195m as a function of time and in Fig. 16b the average tip displacement (u3). The
displacements and stresses are plotted for two revolutions of the blade (0.048 s). We observe that the peak stresses
are twice as high for distributed loads as compared to the tip sinusoidal case. The period of the plots is a result of the
combination of the applied distributed loads (both axial and tangential) and the RPM. The tip sinusoidal load was just
for demonstration purposes and the distributed loading was obtained from force computations from the flow properties
at the inlet and the exit.
These stresses need to be compared with the stress values for criteria of failure and needs to be optimized.











































(b) u3 at tip
Fig. 16 Distributed Tangential and Axial Load (2500 RPM)
VII. Conclusion and Future Work
This work demonstrates the capability of VABS and GEBT to obtain 3-D stress-strain histories for fan blades
undergoing rotation and dynamic loading in a nonlinear transient structural analysis. Such is the condition for the rotor
blades operating in a boundary layer ingesting flow field. In the present work, we used rotating isotropic fan blade to
demonstrate the results and compared them to the results obtained from 3-D FEM tool (COMSOL). It is observed that the
use of VABS and GEBT for the transient structural analysis fan blades is significantly advantageous over 3-D FEM. The
time required for such an analysis greatly reduces from the order of multiple hours to a few minutes. Due to the extreme
fast computation times associated with VABS and GEBT, coupled with the higher fidelity of recovery relations and the
ability with which complex cross sections are handled, the obtained results for the 3-D stress, strain and displacement
variables are extremely accurate, fast, and require far less storage requirements when compared to COMSOL. This will
no doubt provide a cutting edge tool in the conceptual design of fan blades for distortion applications, where severe
structural concerns exist. In future, the authors plan to couple conceptual tools for aerodynamic design of fan blades
with VAM to enable rapid investigation of aero-mechanical analysis of fan blades.
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